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We calculate the polarization of prompt J/ψ production in the improved color evaporation model
at leading order employing the kT -factorization approach. In this paper, we present the polarization
parameter λϑ of prompt J/ψ as a function of transverse momentum in p + p and p + A collisions
to compare with data in the helicity, Collins-Soper and Gottfried-Jackson frames. We also present
calculations of the charmonium production cross sections as a function of rapidity and transverse
momentum. This is the first pT -dependent calculation of charmonium polarization in the improved
color evaporation model. We find agreement with both charmonium cross sections and polarization
measurements.
I. INTRODUCTION
The production mechanism of quarkonium remains un-
certain even more than 40 years after the discovery of
the J/ψ. Nonrelativistic QCD (NRQCD) [1], the most
widely employed model of quarkonium production en-
counters serious challenges in both the universality of the
long distance matrix elements (LDMEs) and the predic-
tion of quarkonium polarization [2]. The production cross
sections in NRQCD, based on an expansion in the strong
coupling constant and the QQ¯ velocity [3], is factorized
into hard and soft contributions and divided into different
color and spin states, including color octet contributions.
The LDMEs, which weight the contributions from each
color and spin state, are fit to the data above some min-
imum transverse momentum, pT . These LDMEs, which
are conjectured to be universal, fail to describe the yields
and polarization simultaneously for pT cuts less than
twice the mass of the quarkonium state [4, 5]. They also
depend on the collision system [6–9]. Moreover, the po-
larization predicted by NRQCD is sensitive to the pT cut.
The ηc pT distributions calculated with LDMEs obtained
from J/ψ yields using heavy quark spin symmetry [10–
12], generally overestimates the high pT LHCb ηc results
[13]. NRQCD also consistently underestimates the Υ(nS)
cross section ratio for 8 to 7 TeV as a function of pT [14].
On the other hand, the color evaporation model
(CEM) [17–20], which considers all QQ¯ (Q = c, b) pro-
duction regardless of the quark color, spin, and momen-
tum, is able to predict both the total yields and the ra-
pidity distributions with only a single normalization pa-
rameter per state [21]. Both the CEM and NRQCD can
describe production yields rather well but spin-related
measurements like the polarization are strong tests of
production models. However, polarization is not the only
test of models. The CEM was also used recently to cal-
culate transverse single spin asymmetries in J/ψ produc-
tion [15, 16].
We have previously presented the first polarization re-
sults in the CEM [22], which only considered charmonium
and bottomonium production in general, followed by po-
larization results of the prompt J/ψ and Υ(1S) [23]. The
later also took the feed-down production into account us-
ing the recently-developed improved CEM (ICEM) [20].
However, those results were at LO assuming collinear fac-
torization and were thus pT -independent. This paper
serves as a continuation of the previous work by present-
ing a pT -dependent leading order (LO) ICEM calculation
of the polarization in prompt J/ψ production using the
kT -factorization approach. This is a pT -dependent result
because the transverse momenta of the incoming gluons
and their off-shell properties are not neglected in the kT -
factorization approach. Our calculation provides the first
pT -dependent ICEM polarization result and represents a
step toward a full NLO ICEM polarization result. We
will begin to address the pT dependence at NLO in a
later publication.
In this paper, we present both the yields and polar-
izations of charmonium as a function of pT by formulat-
ing the ICEM in the kT -factorization approach. In the
high-energy limit, the contributions from t-channel gluon
exchange can become dominant. The QCD evolution of
the gluon distribution functions of the colliding partons
is described by the BKFL evolution equation [24]. In this
regime, the transverse momentum (kT ) of the incoming
gluon can no longer be neglected. This phenomenologi-
cal framework dealing with Reggeized t-channel gluons,
is known as the kT -factorization approach. We take the
same effective Feynman rules for scattering processes in-
volving incoming off-shell gluons [25] as in NRQCD [26].
Effectively, the momentum of the incoming Reggeon, kµ,
with transverse momentum kT can be written in terms of
the proton momentum pµ and the fraction of longitudinal
momentum x carried by the gluon as
kµ = xpµ + kµT . (1)
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2The polarization 4-vector is
µ(kT ) =
kµT
kT
, (2)
where kµT = (0,
~kT , 0).
In the traditional CEM, all quarkonium states are
treated the same as QQ¯ below the HH¯ threshold. The
invariant mass of the heavy quark-antiquark pair is re-
stricted to be less than twice the mass of the lowest mass
meson (H) that can be formed with the heavy quark as a
constituent. The distributions for all quarkonium family
members are assumed to be identical.
In the ICEM the invariant mass of the intermediate
heavy quark-antiquark pair is constrained to be larger
than the mass of produced quarkonium state, MQ, in-
stead of twice the quark mass, 2mq, the lower limit in
the traditional CEM [17, 22]. Because the charmonium
momentum and integration range depend on the mass
of the state, the kinematic distributions of the charmo-
nium states are no longer identical in the ICEM and, for
example the ψ′ to J/ψ ratio depends on pT . Using the
kT -factorization approach, in a p+ p collision, the ICEM
production cross section for a directly-produced quarko-
nium state Q is
σ = FQ
∫ 4m2H
M2Q
dsˆ
∫
dx1
x1
∫
dφ1
2pi
∫
dk1T
2Φ1(x1, k1T , µ
2
F1)
∫
dx2
x2
∫
dφ2
2pi
∫
dk2T
2Φ2(x2, k2T , µ
2
F2)σˆ(R+R→ QQ¯)
× δ(sˆ− x1x2s+ |~k1T + ~k2T |2) , (3)
where the square of the heavy quark pair invariant mass
is sˆ while the square of the center-of-mass energy in the
p+ p collision is s. Here Φ(x, kT , µ
2
F ) is the unintegrated
parton distribution function (uPDF) for a parton with
momentum fraction x and transverse momentum kT in-
teracting with factorization scale µF . The angles φ1,2 in
Eq. (3) are between the kT1,2 of the partons and the pT
of the final state quarkonium Q. The parton-level cross
section is σ(R+R→ QQ¯). Finally, FQ is a universal fac-
tor for the directly-produced quarkonium state Q, and is
independent of the projectile, target, and energy. In this
approach, the cross section is
d4σ
dpT dydsˆdφ
= σδ(sˆ− x1x2s+ p2T )δ
(
y − 1
2
log
x1
x2
)
δ
(
p2T − |~k21T + ~k22T |
)
δ(φ− (φ1 − φ2))
= FQ
∫
2
pi
k2T dk2T
∑
k1T
[
Φ1(k1T , x10, µ
2
F1)
x10
Φ2(k2T , x20, µ
2
F2)
x20
k1T pT
σˆ(R+R→ QQ¯)
s
√
k22T (cos
2 φ− 1) + p2T
]
(4)
where the sum k1T is over the roots of k
2
1T + k
2
2T +
2k1T k2T cosφ = p
2
T , and k1T,1, k1T,2 are
k1T,1 = −k2T cosφ+
√
k22T (cos
2 φ− 1) + p2T (5)
k1T,2 = −k2T cosφ−
√
k22T (cos
2 φ− 1) + p2T . (6)
The momentum fractions x10 and x20 are
x10 =
√
sˆ+ p2T
s
e+y , (7)
x20 =
√
sˆ+ p2T
s
e−y . (8)
Here, φ is the relative azimuthal angle between two in-
cident Reggeons (φ = φ1 − φ2) and pT is the transverse
momentum of the produced QQ¯.
The cross section may also be defined in terms of xF
instead of rapidity as,
3d4σ
dpT dxF dsˆdφ
= σδ(sˆ− x1x2s+ p2T )δ(xF − (x1 − x2))δ
(
p2T − |~k21T + ~k22T |
)
δ(φ− (φ1 − φ2))
= FQ
∫
2
pi
k2T dk2T
∑
k1T
[
Φ1(k1T , x10, µ
2
F1)
x10
Φ2(k2T , x20, µ
2
F2)
x20
k1T pT
× σˆ(R+R→ QQ¯)√
x2F s
2 + 4(sˆ+ p2T )
√
k22T (cos
2 φ− 1) + p2T
]
, (9)
where x10 and x20 are now
x10 =
1
2
(
xF +
√
x2F + 4
sˆ+ p2T
s
)
(10)
x20 =
1
2
(
− xF +
√
x2F + 4
sˆ+ p2T
s
)
. (11)
Thus the transverse momentum distribution dσ/dpT
in the ICEM is
dσ
dpT
=
∫
dydsˆdφ
d4σ
dpT dydsˆdφ
(12)
=
∫
dxF dsˆdφ
d4σ
dpT dxF dsˆdφ
. (13)
The two expressions are equivalent when calculating the
transverse momentum without any longitudinal kine-
matic cuts. Eq. (12) is used to compare to collider data
with defined rapidity cuts while Eq. (13) is used to com-
pare to fixed-target data with xF cuts. Similarly, the
rapidity distribution dσ/dy in the ICEM is
dσ
dy
=
∫
dpT dsˆdφ
d4σ
dpT dydsˆdφ
. (14)
We take the renormalization and factorization scales to
be µF = µR = mT , where mT is the transverse mass of
the QQ¯. We will study the effect of varying these scales
on the pT distributions and the polarization.
II. POLARIZATION OF DIRECTLY
PRODUCED QQ¯
We define the polarization axis (z axis) in the helicity
frame where zHX is the flight direction of the quarko-
nium in the center of mass frame of the colliding beams,
as shown in Fig. 1. In this section we outline the kine-
matics required to compute the polarized scattering cross
sections in the helicity frame as well as the procedure to
relate them to the polarized scattering cross sections in
the Gottfried-Jackson frame [27] and the Collins-Soper
frame [28].
In the lab frame, using Eqs. (1) and (2) the momenta
of the initial state Reggeons can be written as
kµ1 = (x1s, k1T cosφ1, k1T sinφ1, x1s) (15)
kµ2 = (x2s, k2T cosφ2, k2T sinφ2,−x2s) , (16)
with polarization vectors
µ1 =
(
0,
~k1T
k1T
, 0
)
= (0, cosφ1, sinφ1, 0) (17)
µ2 =
(
0,
~k2T
k2T
, 0
)
= (0, cosφ2, sinφ2, 0) . (18)
We then boost the momenta along the beam direction
to the frame where the total momentum of the Reggeons
along the beam direction, k1z + k2z, is zero
kµ1 =
(√
sˆ+ p2T
2
,~k1T ,
√
sˆ+ p2T
2
)
, (19)
kµ2 =
(√
sˆ+ p2T
2
,~k2T ,−
√
sˆ+ p2T
2
)
, (20)
where sˆ = x1x2s − |~k1T + ~k2T |2 and p2T = |~k1T + ~k2T |2.
The polarization vectors are unchanged. We then apply
a rotation such that the three momentum of the sum
kµ1 + k
µ
2 is aligned with a new z-axis
kµ1 + k
µ
2 =
(√
p2T + sˆ,
~0, pT
)
. (21)
We then boost to the quarkonium rest frame where
kµ1 + k
µ
2 =
(√
sˆ,~0, 0
)
. (22)
In this frame (helicity frame), the momenta of the initial
state Reggeons are
kµ1 =
(−ψ + sˆ
2
√
sˆ
,
√
sˆλ
2
,
k1T k2T sinφ
pT
,
ψλ
2pT
)
, (23)
kµ2 =
(ψ + sˆ
2
√
sˆ
,−
√
sˆλ
2
,−k1T k2T | sinφ
pT
,− ψλ
2pT
)
, (24)
where ψ = |~k1T |2 − |~k2T |2, φ = φ1 − φ2, and λ =√
1 + p2T /sˆ. The polarization vectors are now
µ1 =
(
− k1T + k2T cosφ√
sˆ
, 0,
k2T sinφ
pT
, (25)
λ
pT
(k1T + k2T cosφ)
)
, (26)
µ2 =
(
− k2T + k1T cosφ√
sˆ
, 0,−k1T sinφ
pT
, (27)
λ
pT
(k2T + k1T cosφ)
)
. (28)
4pp
Q
zˆHX
FIG. 1. The orientation of polarization axis (z axis) in the
helicity frame is indicated by the dashed arrow. The proton
arrows indicate the incoming beam directions. The polariza-
tion axis is defined to be the direction of the produced (Q)
travels in the center-of-mass frame of the colliding beams.
If the quarks in the QQ¯ pair with total angular momentum
J = 1, they can either have the same angular momentum
along the z-axis, Jz, or opposite resulting in Jz = 0 (longitu-
dinal) or Jz = 1 (transverse), respectively.
The scattering amplitude of the process R+R→ QQ¯
is related to that of g + g → QQ¯ by [25, 26]
A(R+R→ Q+ Q¯) = µ(k1)ν(k2) (29)
× Aµν(g + g → Q+ Q¯) , (30)
where µ(k) is defined in Eq. (2). EvaluatingAµν(g+g →
Q + Q¯) using the conventional Feynman rules of QCD,
there are three gg → QQ¯ Feynman diagrams to consider
at O(α2s). Each diagram includes a color factor C and a
scattering amplitude A. The generic matrix element for
the gluon fusion process can be written as [29]
Mgg = Cgg,sˆAgg,sˆ + Cgg,tˆAgg,tˆ + Cgg,uˆAgg,uˆ . (31)
In terms of the Dirac spinors u and v, the individual
amplitudes are
Agg,sˆ = −g
2
s
sˆ
{
− (2k′ + k) · (k)[u¯(p′)/(k′)v(p)]
+ (2k + k′) · (k′)[u¯(p′)/(k)v(p)]
+ (k) · (k′)[u¯(p′)(k/′ − k/)v(p)]
}
, (32)
Agg,tˆ = −
g2s
tˆ−m2c
u¯(p′)/(k′)(k/− p/+mc)/(k)v(p) ,(33)
Agg,uˆ = − g
2
s
uˆ−m2c
u¯(p′)/(k)(k/′ − p/+mc)/(k′)v(p) .(34)
Here gs is the gauge coupling, mc is the charm quark
mass,  represents the gluon polarization vectors, γµ are
the gamma matrices, k′ (k) is the momentum of the ini-
tial state light quark (antiquark) or gluon, and p′ (p) is
the momentum of final state heavy quark (antiquark).
In the process of evaluating the scattering amplitudes,
we take advantage of the fact, that at O(α2s), the final
state QQ¯ is produced with no dependence on the az-
imuthal angle φ′ (and thus Lz′ = 0) in a rotated frame
(primed frame) where the z′ axis is defined as the direc-
tion of one of the incoming Reggeons. Since the Reggeons
are head to head in this frame, the scattering amplitudes
are independent of the azimuthal angle φ′. We first ro-
tate the initial state momenta ~p from the helicity frame
to the primed frame by an Euler rotation:
~p′ = R(0, β, γ)~p. (35)
The scattering amplitudes in the primed frame for S =
1, sorted Sz′ , are
Agg,sˆ,S=1,Sz′=0 =
1√
2
[(As1) + (As4)] , (36)
Agg,sˆ,S=1,Sz′=±1 = As2,3 , (37)
Agg,tˆ,S=1,Sz′=0 =
1√
2
[(At1) + (At4)] , (38)
Agg,tˆ,S=1,S′=±1 = At2,3 , (39)
Agg,uˆ,S=1,Sz′=0 =
1√
2
[(Au1) + (Au4)] , (40)
Agg,uˆ,S=1,S′=±1 = Au2,3 . (41)
The sˆ-channel amplitudes are:
As1 sˆ
g2s
=
mc√
sˆ
[
[(−ψ + 3sˆ)3102 + (−ψ − 3sˆ)0132 + (−20102 + 21112 + 22122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] cos θ′
− [(ψ − 3sˆ)1102 + (ψ + 3sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] sin θ′
]
, (42)
5As2 sˆ
g2s
=
i
2
[(ψ − 3sˆ)2102 + (ψ + 3sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)]
− 1
2
[(ψ − 3sˆ)1102 + (ψ + 3sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] cos θ′
+
1
2
[(ψ − 3sˆ)3102 + (ψ + 3sˆ)0132 + (20102 − 21112 − 22122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] sin θ′ ,
(43)
As3 sˆ
g2s
= − i
2
[(ψ − 3sˆ)2102 + (ψ + 3sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)]
− 1
2
[(ψ − 3sˆ)1102 + (ψ + 3sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] cos θ′
+
1
2
[(ψ − 3sˆ)3102 + (ψ + 3sˆ)0132 + (20102 − 21112 − 22122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] sin θ′ ,
(44)
As4 sˆ
g2s
=
mc√
sˆ
[
[(ψ − 3sˆ)3102 + (ψ + 3sˆ)0132 + (20102 − 21112 − 22122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] cos θ′
+ [(ψ − 3sˆ)1102 + (ψ + 3sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)] sin θ′
]
. (45)
The tˆ-channel amplitudes are:
At1 tˆ−m
2
c
g2s
= −21112mc
√
sˆχ+ i
(21
1
2 − 1122)mc
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)√
sˆ
− mc√
sˆ
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
+ 2mc
√
sˆχ(11
1
2 − 3132) cos2 θ′
− mc√
sˆ
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
− 2mc
√
sˆχ(31
1
2 + 
1
1
3
2) sin θ
′ cos θ′ , (46)
6At2 tˆ−m
2
c
g2s
= −1
2
[
(ψ − sˆ)3112 − (ψ + sˆ)1132 − (1102 − 0112)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ
+ i
1
2
[
(ψ − sˆ)2102 + (ψ + sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
− 1
2
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
− i1
2
[
(ψ − sˆ)2132 − (ψ + sˆ)3122 + (2102 − 0122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ cos θ′
− (3112 + 1132)sˆχ cos2 θ′
+
1
2
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
− i1
2
[
(ψ − sˆ)2112 − (ψ + sˆ)1122
]
χ sin θ′ − (1112 − 3132)sˆχ sin θ′ cos θ′ , (47)
At3 tˆ−m
2
c
g2s
= −1
2
[
(ψ − sˆ)3112 − (ψ + sˆ)1132 − (1102 − 0112)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ
− i1
2
[
(ψ − sˆ)2102 + (ψ + sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
− 1
2
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
+ i
1
2
[
(ψ − sˆ)2132 − (ψ + sˆ)3122 + (2102 − 0122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ cos θ′
− (3112 + 1132)sˆχ cos2 θ′
+
1
2
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
+ i
1
2
[
(ψ − sˆ)2112 − (ψ + sˆ)1122
]
χ sin θ′ − (1112 − 3132)sˆχ sin θ′ cos θ′ , (48)
At4 tˆ−m
2
c
g2s
= 211
1
2mc
√
sˆχ+ i
(21
1
2 − 1122)mc
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)√
sˆ
+
mc√
sˆ
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
− 2mc
√
sˆχ(11
1
2 − 3132) cos2 θ′
+
mc√
sˆ
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
+ 2mc
√
sˆχ(31
1
2 + 
1
1
3
2) sin θ
′ cos θ′ . (49)
Finally, the uˆ-channel amplitudes are
7Au1 uˆ−m
2
c
g2s
= −21112mc
√
sˆχ+ i
(21
1
2 − 1122)M
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)√
sˆ
+
mc√
sˆ
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
+ 2mc
√
sˆχ(11
1
2 − 3132) cos2 θ′
+
mc√
sˆ
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
− 2mc
√
sˆχ(31
1
2 + 
1
1
3
2) sin θ
′ cos θ′ , (50)
Au2 uˆ−m
2
c
g2s
= −1
2
[
(ψ − sˆ)3112 − (ψ + sˆ)1132 − (1102 − 0112)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ
− i1
2
[
(ψ − sˆ)2102 + (ψ + sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
+
1
2
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
− i1
2
[
(ψ − sˆ)2132 − (ψ + sˆ)3122 + (2102 − 0122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ cos θ′
− (3112 + 1132)sˆχ cos2 θ′
− 1
2
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
− i1
2
[
(ψ − sˆ)2112 − (ψ + sˆ)1122
]
χ sin θ′ − (1112 − 3132)sˆχ sin θ′ cos θ′ , (51)
Au3 uˆ−m
2
c
g2s
= −1
2
[
(ψ − sˆ)3112 − (ψ + sˆ)1132 − (1102 − 0112)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ
+ i
1
2
[
(ψ − sˆ)2102 + (ψ + sˆ)0122 + (3122 + 2132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
+
1
2
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
+ i
1
2
[
(ψ − sˆ)2132 − (ψ + sˆ)3122 + (2102 − 0122)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
χ cos θ′
− (3112 + 1132)sˆχ cos2 θ′
− 1
2
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
+ i
1
2
[
(ψ − sˆ)2112 − (ψ + sˆ)1122
]
χ sin θ′ − (1112 − 3132)sˆχ sin θ′ cos θ′ , (52)
8Au4 uˆ−m
2
c
g2s
= 211
1
2mc
√
sˆχ+ i
(21
1
2 − 1122)M
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)√
sˆ
− mc√
sˆ
[
(ψ − sˆ)3102 + (ψ + sˆ)0132 + (0102 − 1112 − 2122 + 3132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
cos θ′
− 2mc
√
sˆχ(11
1
2 − 3132) cos2 θ′
− mc√
sˆ
[
(ψ − sˆ)1102 + (ψ + sˆ)0112 + (3112 + 1132)
√
(k1T − k2T )2 + sˆ)(k1T + k2T )2 + sˆ)
]
sin θ′
+ 2mc
√
sˆχ(31
1
2 + 
1
1
3
2) sin θ
′ cos θ′ , (53)
where χ =
√
1− 4m2c/sˆ. The final state total spin is de-
termined from the heavy quarks helicities. Two helicity
combinations that result in Sz′ = 0 are added and nor-
malized to give the contribution to the spin triplet state
(S = 1) in Eqs. (36), (38), and (40).
In this primed frame, to extract the projection on a
state with orbital-angular-momentum quantum number
L, we obtain the corresponding Legendre component AL
in the amplitudes by
AL=0 = 1
2
∫ 1
−1
dxA(x = cos θ′) , (54)
AL=1 = 3
2
∫ 1
−1
dx xA(x = cos θ′) . (55)
Having obtained the amplitudes for S = 1 with Sz′ =
0,±1, and L = 0, 1 with Lz′ = 0, we calculate the am-
plitudes for J = 0, 1, 2. The amplitudes for J = 1, found
by adding S = 1 and L = 0, are
AJ=1,Jz′=±1 = AL=0,Lz′=0;S=1,Sz′=±1 , (56)
AJ=1,Jz′=0 = AL=0,Lz′=0;S=1,Sz′=0 . (57)
Employing angular momentum algebra, the amplitudes
for J = 0, 1, 2, obtained by adding S = 1 and L = 1, are
AJ=0,Jz′=0 = −
√
1
3
AL=1,Lz′=0;S=1,Sz′=0 , (58)
AJ=1,Jz′=±1 = ∓
1√
2
AL=1,Lz′=0;S=1,Sz′=±1 , (59)
AJ=1,Jz′=0 = 0 , (60)
AJ=2,Jz′=±2 = 0 , (61)
AJ=2,Jz′=±1 =
1√
2
AL=1,L′z=0;S=1,Sz′=±1 , (62)
AJ=2,Jz′=0 =
√
2
3
AL=1,Lz′=0;S=1,Sz′=0 . (63)
Using a Wigner representation of the inverse rotation
defined in Eq. (35),
DJJz,Jz′ = 〈J, Jz|R(0,−β,−γ) |J, Jz′〉 , (64)
the amplitudes sorted by final state J and Jz′ are then
rotated back into the helicity frame:
AJ,Jz =
J∑
J′z=−J
DJJz,Jz′AJ,J ′z . (65)
TABLE I. The mass MQ, the feed-down contribution ratio cQ,
and the squared feed-down transition Clebsch-Gordan coeffi-
cients SJzQ for all quarkonium states contributing to prompt
J/ψ production.
Q MQ (GeV) cQ SJz=0Q SJz=±1Q
J/ψ 3.10 0.62 1 0
ψ(2S) 3.69 0.08 1 0
χc1(1P) 3.51 0.16 0 1/2
χc2(1P) 3.56 0.14 2/3 1/2
Next, the amplitudes sorted by final state J and Jz are
squared for calculations in the helicity frame. For cal-
culations in the other frames, the unsquared amplitudes
can be further rotated to the Collins-Soper (CS) or the
Gottfried-Jackson (GJ) frame. In the CS frame, the z-
axis is defined as the angle bisector of the angle between
one proton beam and the opposite of the other proton
beam. In the GJ frame, the z-axis is defined as the direc-
tion of the momentum of one of the two colliding proton
beams.
The squared matrix elements, |M|2, are calculated for
each J , Jz combination. The color factors, C, are calcu-
lated from the SU(3) color algebra and are independent
of final state angular momentum [29]. They are
|Cgg,sˆ|2 = 12 ,
|Cgg,tˆ|2 =
16
3
, |Cgg,uˆ|2 = 16
3
. (66)
C∗gg,sˆCgg,tˆ = +6 , C
∗
gg,sˆCgg,uˆ = −6 ,
C∗
gg,tˆ
Cgg,uˆ = −2
3
. (67)
Finally, the total squared amplitudes for a given J, Jz
state,
|MJ,Jzgg |2 = |Cgg,sˆ|2|Agg,sˆ|2 + |Cgg,tˆ|2|Agg,tˆ|2
+ |Cgg,uˆ|2|Agg,uˆ|2 + 2C∗gg,sˆCgg,tˆA∗gg,sˆAgg,tˆ
+ 2C∗gg,sˆCgg,uˆA∗gg,sˆAgg,uˆ
+ 2C∗
gg,tˆ
Cgg,uˆA∗gg,tˆAgg,uˆ , (68)
are then employed to calculate the partonic cross sections
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by integrating over solid angle
σˆJ,Jz =
∫
dΩ
( 1
8pi
)2
|MJ,Jz |2 (69)
× 2χ√
((k1T − k2T )2 + sˆ)((k1T + k2T )2 + sˆ)
.
The sum of the polarized partonic cross sections results
for each final state total angular momentum J , is equal
to the unpolarized partonic cross section,
σˆunpol =
Jz=+J∑
Jz=−J
σˆJ,Jz . (70)
Having computed the polarized QQ¯ production cross
section at the parton level, we then convolute the par-
tonic cross sections with the unintegrated parton dis-
tribution functions (uPDFs) to obtain the hadron-level
cross section σ as a function of pT using Eq. (12) or (13)
and as a function of y using Eq. (14). The quarkonium
masses which appear as the lower limit of the QQ¯ invari-
ant mass are listed in Table I. We employ the ccfm-JH-
2013-set1 [30] uPDFs in this calculation.
III. POLARIZATION OF PROMPT J/ψ
We assume that the angular momentum of each
directly-produced quarkonium state is unchanged by the
transition from the parton level to the hadron level, con-
sistent with the CEM expectation that the linear mo-
mentum is unchanged by hadronization. This is similar
to the assumption made in NRQCD that once a cc¯ is
produced in a given spin state, it retains that spin state
when it becomes a J/ψ.
We calculate the Jz = 0,±1 to unpolarized ratios for
each directly produced quarkonium state Q that has a
contribution to prompt J/ψ production: J/ψ, ψ(2S),
χc1(1P) and χc2(1P). These ratios, R
Jz
Q , are then inde-
pendent of FQ. We assume the feed-down production
of J/ψ from the higher mass bound states follows the
angular momentum algebra. Their contributions to the
Jz = 0 to unpolarized ratios of prompt J/ψ are added
and weighed by the feed-down contribution ratios cQ [31],
RJz=0J/ψ =
∑
Q,Jz
cQSJzQ R
Jz
Q , (71)
where SJzQ is the transition probability from a given stateQ produced in a Jz state to a J/ψ with Jz = 0 in a single
decay. We assume two pions are emitted for S state feed
down, ψ(2S)→ J/ψpipi, and a photon is emitted for a P
state feed down, χc → Jψγ. SJzQ is then 1 (if Jz = 0) or
0 (if Jz = 1) for Q = ψ(2S) since the transition, ψ(2S)→
J/ψpipi, does not change the angular momentum of the
quarkonium state. For directly produced J/ψ, SJzQ is 1
for Jz = 0 and 0 for Jz = 1. The S
Jz
Q for the χ states
are the squares of the Clebsch-Gordan coefficients for the
feed-down production via χ → J/ψ + γ. The values of
MQ, cQ, and SJzQ for all quarkonium states contributing
to prompt J/ψ production are collected in Table I.
Finally, the Jz = 0 to the unpolarized ratio for prompt
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J/ψ is converted into the polarization parameter λϑ [32],
λϑ =
1− 3RJz=0
1 +RJz=0
, (72)
where −1 < λϑ < 1. If λϑ = −1, J/ψ production is to-
tally longitudinal, λϑ = 0 refers to unpolarized produc-
tion, and for λϑ = +1, production is totally transverse.
IV. RESULTS
Although the matrix element in this calculation is LO
in αs, by convoluting the polarized partonic cross sections
with the transverse momentum dependent uPDFs using
the kT -factorization approach, we can calculate the yield
as well as the polarization parameter λϑ as a function
of pT . The full NLO polarization including qq¯ and (q +
q¯)g contributions, requiring us to go to O(α3s), will be
discussed in a future publication.
The traditional CEM can describe the unpolarized
yield of charm and J/ψ production at both LO and NLO
assuming collinear factorization [21, 33]. The ICEM can
also describe the ψ(2S) to J/ψ ratio at NLO while, in
the traditional CEM, this ratio is independent of pT [20].
Since this is the first calculation in the ICEM using the
kT -factorization approach, it is important to check if the
unpolarized yield is also in agreement with the data.
In the remainder of this section, we first present how
our approach describes the transverse momentum and ra-
pidity distribution of the charmonium states in collider
experiments. We then discuss the transverse momen-
tum and rapidity dependence of the polarization param-
eter λϑ for prompt J/ψ production and direct produc-
tion of quarkonium states that contribute to the feed-
down production. We compare our results to the polar-
ization measured in fixed-target experiments as well as
collider experiments in the helicity, Collins-Soper, and
Gottfried-Jackson frames to discuss the frame depen-
dence of the polarization parameter. Finally, we dis-
cuss the sensitivity of our results to the factorization and
renormalization scales, the weight of each diagram, and
the feed-down ratios considered. In our calculations, we
construct the uncertainty bands by varying the charm
quark mass, around its base value of 1.27 GeV in the
interval 1.2 < mc < 1.5 GeV, and the renormaliza-
tion scale around its base value of mT in the interval
0.5 < µR/mT < 2 while keeping the factorization scale
fixed at µF = mT . The total uncertainty band is con-
structed by adding the two uncertainties in quadrature.
A. Unpolarized charmonium production
In this section, we present the pT and rapidity distribu-
tions of charmonium states in our approach. In the spirit
of the traditional CEM, FQ in Eq.(3) has to be indepen-
dent of the projectile, target, and energy for each quarko-
nium state Q. Even though the focus of this paper is on
polarization, which is FQ independent, the unpolarized
yield in the ICEM using the kT -factorization approach
was not considered before. Therefore, it is important to
first confirm that this approach can indeed describe the
charmonium yields as a function of pT and rapidity be-
fore discussing polarization predictions. We first obtain
FJ/ψ and Fψ(2S) by comparing our results with the ex-
perimental data measured by the LHCb Collaboration
and the CDF Collaboration respectively. Using the same
FJ/ψ and Fψ(2S), we compare our results with the ex-
perimental data measured at CDF and ALICE. We can
only obtain Fχc1 and Fχc2 for the χc states by comparing
the unpolarized yield with the data measured by the AT-
LAS Collaboration at
√
s = 7 TeV because these are the
only measurements. We instead give predictions of χc1
and χc1 production at
√
s = 13 TeV. We also compare
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and predict the ratio of χc2 to χc1 at
√
s = 7 TeV and√
s = 13 TeV. Note that we cannot expect that our LO
values of FQ to be equal to those found for Jψ and ψ(2S)
in Ref. [20]. Those calculations are NLO in the total cross
section assuming collinear factorization, and include the
qq¯ and (q + q¯)g channels where the contribution of the
later is non-negligible.
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1. J/ψ pT distribution
We first discuss why we fix the factorization scale at
µF = mT instead of including a factor of two variation,
as usual in most other approaches. In Fig. 2, we show
the pT distributions of inclusive J/ψ production at
√
s =
7 TeV found by fixing mc = 1.27 GeV, and varying the
factorization scale over the range 0.5 < µF /mT < 2 and
the renormalization scale over the range 0.5 < µR/mT <
2 separately. We also fix µF /mT = µR/mT = 1 and
vary the charm quark mass over the range 1.2 < mc <
1.5 GeV. The direct production cross section is calculated
using Eq. (12) by integrating the pair invariant mass from
MJ/ψ to 2mD0 (mD0 = 1.86 GeV) over the rapidity range
2.0 < y < 4.5. We assume the direct production is a
constant fraction, 0.62 of the inclusive production [31].
We then are able to compare the inclusive pT distribution
in the ICEM with the LHCb data [34]. The result has
a significant dependence on the factorization scale for
pT > 5 GeV. This is because the uPDFs have a sharp
cutoff for kT > µF and are thus very sensitive to the
chosen factorization scale. The yield varies more as pT
approaches mT at high pT . At low pT , mT ∼ MQ and
the cross section is independent of the factorization scale
since kT << µF . At moderate pT , the variation with
µF is similar to or smaller than that due to the charm
quark mass. At pT ∼ 10 GeV, mT ∼ pT . Thus the
lower limit on the factorization scale, mT /2, is on the
order of kT and the yield drops off at this cutoff limit,
while the upper limit on the factorization scale, 2mT , is
still greater than kT , enhancing the yield. Since at LO,
only the QQ¯ pair carries the transverse momentum, the
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predictive power of the yield is limited by the uPDFs.
Therefore, to construct a meaningful uncertainty band,
we fix the factorization scale at µF = mT . As we push
toward the limit of the kT -factorization approach with
uPDFs at high pT at LO, we can only improve the high
pT limit by a full NLO calculation.
After fixing the factorization scale, the variation in
renormalization scale then gives the largest uncertainty,
followed by the variation in charm mass. When µR is
reduced, the strong coupling constant is larger, increas-
ing the yield. On the other hand, when mc is reduced,
the yield increases. In the remainder of this section, we
present our results by adding the uncertainties due to
variations of the charm mass and renormalization scale
in quadrature.
The inclusive J/ψ pT distribution at
√
s = 7 TeV with
combined uncertainty is shown in Fig. 3. The ICEM re-
sult has a peak at pT∼2 GeV, in agreement with the ex-
perimental results but slightly overestimates the data at
high pT . The ICEM pT distribution is within reasonable
agreement with the data for all pT . The experimental
prompt production cross section depends on the polariza-
tion of J/ψ since the polarization affects the acceptance
and reconstruction efficiencies. LHCb checked the yields
for the three polarization assumptions: λϑ = −1, 0,+1.
The experimental pT distribution for all polarization as-
sumptions is within the uncertainty band constructed in
the ICEM. By matching to the experimental unpolarized
yield λϑ = 0, we find that the ICEM can describe the
J/ψ pT distribution with FJ/ψ = 0.0216. This is the
fraction of cc¯ pairs produced in the invariant mass range
from MJ/ψ to 2mD0 that result in direct J/ψ, defined in
Eq. (3).
We test the universality of FJ/ψ by comparing the
inclusive J/ψ pT distribution in the ICEM at
√
s =
1.96 TeV and |y| < 0.6 with the CDF data [35] in Fig. 3.
We again assume the direct production takes a constant
fraction of 0.62 of the inclusive production [31] to ob-
tain the inclusive J/ψ cross section. The ICEM results
slightly overshoot the data at high pT because both the
direct and non-prompt contributions to J/ψ production
are pT dependent [34, 36]. The direct-to-prompt J/ψ ra-
tio decreases as pT grows and the contribution from b
decay to inclusive production is measured to be larger at
high pT than at low pT . Combining the effects of both,
using a constant direct-to-inclusive ratio of 0.62 gives an
overestimate of the yields at high pT . The calculated
cross section differs from the measurements more as pT
increases. We note that if we fix FJ/ψ from the CDF
data alone, it agrees within 1.5% of that extracted from
comparison to the LHCb data.
2. ψ(2S) pT distribution
The inclusive ψ(2S) pT distribution at
√
s = 1.96 TeV
is shown in Fig. 5. Here, the direct production cross sec-
tion is calculated using Eq. (12) by integrating the pair
invariant mass from Mψ(2S) to 2mD0 over the rapidity
range |y| < 0.6. We assume the direct production is the
same as the prompt production as there are no quarko-
nium states that feed down to ψ(2S) since its mass is just
below 2mD0 . Therefore, we compare the pT -integrated
yield of direct ψ(2S) with the CDF measurement [37]. We
find Fψ(2S) = 0.117. We note that Fψ(2S) > FJ/ψ, pri-
marily because the mass range is much smaller for ψ(2S)
than J/ψ. In the traditional CEM, Fψ(2S) is smaller than
FJ/ψ because the integration over the pair invariant mass
is the same for both J/ψ and ψ(2S). We add the contribu-
tion from non-prompt production reported by the CDF
Collaboration to our prompt production yield to give the
inclusive ψ(2S) yield shown in Fig. 5. We find agreement
with the data within the combined uncertainty band con-
structed by varying the charm mass and the renormal-
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ter λϑ for prompt J/ψ production in the Gottfried-Jackson
frame at
√
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ization scale in the ICEM.
3. χc1 and χc2 pT distribution
We now turn to the pT dependence of χc production.
The pT distributions of direct χc1, direct χc2, and the
ratio of χc2 to χc1 at
√
s = 7 TeV and 13 TeV are pre-
sented in Fig. 6. The direct production is calculated us-
ing Eq. (12) by integrating the pair invariant mass from
Mχc to 2mD0 (mD0 = 1.86 GeV) over the rapidity range
|y| < 0.75. We assume the prompt production of χc is
approximately the same as the direct production. Thus,
by comparing the direct χc1 and χc2 yields in the ICEM
with the experimental yield of prompt χc1 and χc2 at√
s = 7 TeV measured by the ATLAS Collaboration [41],
we obtain Fχc1 = 0.180 and Fχc2 = 0.20. As is the case
for Fψ(2S) and FJ/ψ, Fχc2 > Fχc1 is because the inte-
gration range over the pair invariant mass is smaller for
χc2 than for χc1. In the tradition CEM, Fχc2 is smaller
than Fχc1 . The direct production in the ICEM describes
prompt production of both χc1 and χc2 at
√
s = 7 TeV
within the uncertainty bands constructed by varying the
charm quark mass and renormalization scale. The ratio
of the cross sections is also described by the ICEM. We
calculate the χc2 to χc1 ratio to be ∼ 0.5, almost inde-
pendent of pT . The ratios disagree with a recent NRQCD
calculation [40], which the ratio decreases as pT increases
and is above the data. We assume that pTχc ≈ pTJ/ψ,
not unreasonable since the mass difference is ∼500 MeV
and the decay photon is soft. We anticipate the direct χc1
and χc2 yields will be increased by 51% (at pT = 10 GeV)
to 120% (at pT = 30 GeV) when
√
s is increased from
7 TeV to 13 TeV. However, the ratio of χc2 to χc1 should
remain approximately the same.
4. Prompt J/ψ pT distribution
After fixing FJ/ψ, Fψ(2S), Fχc1 and Fχc2, we calculate
the prompt J/ψ pT distribution at
√
s = 7 TeV in the
rapidity range 2.0 < y < 4.5 using the direct J/ψ, ψ(2S),
χc1 and χc2 yields and their branching ratios to J/ψ.
The prompt J/ψ pT distribution is shown in Fig. 7. The
ICEM pT distribution describes the data for most pT
but overshoots the data slightly at the highest pT bin.
The ICEM pT distribution is within reasonable agree-
ment with the data for all pT . We extract the pT depen-
dent feed-down ratios cψ’s by taking the direct to prompt
ratio in this distribution. We find the feed-down ratios
are very similar to those listed in Table I. Additionally,
we find cJ/ψ decreases as pT increases, in agreement with
Ref. [36].
5. J/ψ rapidity distribution
We now turn to the rapidity dependence of J/ψ pro-
duction. The rapidity distribution of inclusive of J/ψ at√
s = 7 TeV is shown in Fig. 8. The direct production
is calculated using Eq. (14) by integrating over the pT
range 0 < pT < 7 GeV (|y| < 0.9) and 0 < pT < 8 GeV
(2.5 < y < 4). We again assume the direct production
is a constant 62% [31] of the inclusive production. We
use the same FJ/ψ again to compare the rapidity distri-
bution in the ICEM with the measurement made by the
ALICE Collaboration [38]. The difference in the inte-
grated pT range has a negligible on the rapidity distribu-
tion because the pT dependence has already dropped by
an order of magnitude by pT ∼ 7 − 8 GeV. We find the
ICEM can describe the ALICE rapidity distribution at√
s = 7 TeV using the FJ/ψ obtained at the same energy
by LHCb in the forward rapidity region.
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6. ψ(2S) rapidity distribution
The rapidity distribution of direct ψ(2S) at
√
s =
7 TeV is shown in Fig. (9). Here, the rapidity distribu-
tion is calculated in the interval pT < 12 GeV at forward
rapidity (2.5 < y < 4). We use the same Fψ(2S) compare
with inclusive ψ(2S) data from ALICE [39]. While the
lower bound of our uncertainty band should still be lower
than the data when the contribution from B decays are
added, our baseline should slightly overshoot the inclu-
sive ψ(2S) data. Our results also agree with the direct
ψ(2S) rapidity distribution from a recent NRQCD calcu-
lation at LO using the kT -factorization approach [40].
B. pT dependence of λϑ
Here, we present the pT dependence of the polarization
parameter λϑ in p + p and p+A collisions. Because the
polarization parameter is defined as the ratio of polarized
to unpolarized cross sections in Eq. (71) and these cross
sections depend on µR and µF in the same way, the po-
larization parameter is independent of the scale choice.
However, the amplitudes themselves are mass dependent
so that the polarized to unpolarized ratio in λϑ depends
on the charm quark mass. Thus the only uncertainty
on λϑ in our calculation is due to the variation of mc
in the range 1.2 < mc < 1.5 GeV. In this section, the
uncertainty band is only due to the mass variation and
therefore the uncertainty is reduced relative to the yield
calculations.
1. Charmonium polarization in p+A collisions at
fixed-target energies
The polarization results for prompt production of J/ψ
at
√
sNN = 41.6 GeV are shown in Figs. 10 and 11. Al-
though the HERA-B data are taken on nuclear targets,
C and W, and there are known nuclear modifications of
the parton densities in the nucleus, λϑ is independent
of any modification. This is because the ratios of the
polarized to unpolarized cross sections are in the same
kinematic acceptance and any nuclear effects cancel in
the ratio. Thus there is no difference in polarization be-
tween the two target nuclei. We compare our results with
the C and W combined data measured by the HERA-B
Collaboration in the region −0.34 < xF < 0.14 [43].
Prompt J/ψ polarization in the ICEM is close to unpo-
larized in both the CS and GJ frames for pT < 5 GeV. At
pT = 0, the two z-axes zCS and zGJ, are in the same di-
rection. Thus the polarization is the same in that limit.
As pT increases, the two axes depart from each other.
Thus the polarization is slightly less longitudinal in the
GJ frame than in the CS frame. This behavior is also
consistent with the experimental data showing that the
J/ψ polarization at very low pT is not affected by switch-
ing from the CS frame to the GJ frame. At higher pT
the polarization is slightly less longitudinal in the GJ
frame than in the CS frame. The ICEM results are in
fair agreement with the experimental data except at the
lowest pT .
2. Charmonium polarization in p+p(p¯) collisions
We present the polarization parameters for prompt
J/ψ in p+p collisions at
√
s = 200 GeV in Fig. 12.
We compare our results with the data from the STAR
Collaboration in the region |y| < 0.5 [44] in the he-
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licity frame. The ICEM polarization of prompt J/ψ
in the helicity frame is slightly transverse at low pT
(pT < MJ/ψ). The result becomes unpolarized at moder-
ate pT (MJ/ψ < pT < 2MJ/ψ) before changing to slightly
transverse at high pT . The ICEM polarization agrees
fairly well with the data at small and moderate pT for
inclusive J/ψ polarization at STAR.
We also compared the polarization parameters for
prompt J/ψ in p+p¯ collisions at
√
s = 1.96 TeV with the
data measured by the CDF Collaboration in the region
|y| < 0.6 [45] in the helicity frame, shown in Fig 13. The
ICEM prompt J/ψ polarization does not depend strongly
on
√
s or whether the collision is p+p or p+p¯. We find
the trend in the pT dependence of the polarization is the
same. At high pT , the prompt J/ψ polarization measured
by the CDF Collaboration is slightly longitudinal to un-
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FIG. 16. The pT integrated rapidity dependence of λϑ for
prompt J/ψ production at
√
s = 7 TeV in the helicity frame in
the ALICE acceptance. Note that we use the same kinematic
cuts as on the yields in Fig. 8.
polarized while the ICEM polarization is slightly trans-
verse. The polarization predicted by NRQCD also shows
a similar behavior at this energy [46]. However, NRQCD
predicts a stronger transverse polarization (λϑ∼0.6) than
ICEM in the high pT limit.
C. Rapidity dependence of λϑ
Next we turn to the rapidity dependence of λϑ. We cal-
culate the prompt J/ψ polarization in the helicity frame
for p+p collisions at
√
s = 7 TeV in two rapidity ranges,
|y| < 0.6 and 0.6 < |y| < 1.2, shown in Figs. 14 and 15
respectively. We compare our results to the experimen-
tal data from the CMS Collaboration [47]. There is no
difference in the polarization of prompt J/ψ in these two
rapidity regions in the ICEM. In the ICEM, the polariza-
tion parameter λϑ of prompt J/ψ production increases
very slowly in the high pT limit and reaches λϑ ∼ 0.12
at pT = 70 GeV. The ICEM polarization agrees with the
the experimental results at central rapidity within un-
certainty except the data in the 30 < pT < 35 bin. The
experiment reports the polarization is less transverse in
the forward rapidity region. Our results in the ICEM
still agrees with the data even though the calculated po-
larization does not depend on rapidity in this range at
7 TeV.
We also do not observe variations in the polarization
parameter λϑ at
√
s = 7 TeV in the region of y < 4
using the same kinematics cut compared to the ALICE
yield measurement in Fig. 8. We present the polarization
as a function of rapidity in Fig. 16. The polarization
parameter of prompt J/ψ for the pT -integrated results is
λϑ = 0.26± 0.02.
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D. Frame dependence of λϑ
We now turn to the frame dependence of our 7 TeV
results. We calculate the polarization parameter in p+ p
collisions at
√
s = 7 TeV in both the helicity frame and
the Collins-Soper frame, shown in Figs. 17 and 18 re-
spectively. The polarization in the Collins-Soper frame
is opposite to that in the helicity frame in the ICEM. We
expect this because, in these kinematics, at order α2s, the
polarization axis in the Collins-Soper frame is always per-
pendicular to that in the helicity frame. Therefore, at low
pT , where the J/ψ is predicted to be slightly transverse
in the helicity frame, it is predicted to be slightly longi-
tudinal in the Collins-Soper frame. Whereas, at moder-
ate pT , where the J/ψ is predicted to be unpolarized, it
is also predicted to be unpolarized in the Collins-Soper
frame. This behavior, however, is not measured exper-
imentally. As we compare our results with the ALICE
data [48], the ICEM polarization agrees with the data
in the Collins-Soper frame but does not agree with the
data in the helicity frame, especially at low pT where the
frame dependence is most significant.
We find similar results by comparing to the LHCb data
in the Collins-Soper frame [49], show in in Figs. 19 and
20: the polarization in the ICEM agrees with the data in
the Collins-Soper frame but not in the helicity frame. We
expect that the difference in agreement of the calculations
in different frames with the data may be resolved with a
full α3s calculation of the ICEM cross section.
Finally, we note that at low pT the polarization in the
Gottfried-Jackson frame is similar to that in the Collins-
Soper frame, as shown in Figs. 10 and 11 for fixed-target
energies. However at high pT , the polarization in the
Gottfried-Jackson frame is similar to that in the helicity
frame. The differences are due to the definition of the
polarization axes in the quarkonium rest frame. When
pT << mT , the angle between the polarization axis in the
Gottfried-Jackson frame and that in the Collins-Soper
TABLE II. Values of cQ used to test the sensitivity of our
results to the feed-down ratios. Based on the uncertainty
in cQ (third column), c′Q (second column) is used assuming
the promptly produced 1S states comprise less directly pro-
duced 1S states, and c′′Q (fourth column) is used assuming the
promptly produced 1S states comprise more directly produced
1S states,
Q c′Q cQ c′′Q
J/ψ 0.59 0.62±0.04 0.65
ψ(2S) 0.09 0.08±0.02 0.07
χc1(1P) 0.17 0.16±0.04 0.15
χc2(1P) 0.15 0.14±0.04 0.13
frame is small. As pT increases, the polarization axis
in the Gottfried-Jackson frame becomes collinear with
that in the helicity frame. Therefore, the polarization
calculated in the Gottfried-Jackson frame is opposite to
that in the helicity frame at low pT , and thus similar
to that in the Collins-Soper frame. But as pT increases,
the polarization in the Gottfried-Jackson frame should
asymptotically approach the polarization in the helicity
frame.
E. Sensitivity to scales and quark mass
We have already discussed the sensitivity of the char-
monium yields to the factorization and the renormaliza-
tion scales in section IV A 1. Here we note that the longi-
tudinal to unpolarized fraction RJz=0J/ψ used in the calcu-
lation of λϑ, is insensitive to scale variations because the
longitudinal and transverse change similarly as the scales
are varied. Therefore, the polarization parameter λϑ for
prompt J/ψ is independent of the scales for all energies
considered. Similarly, while the unpolarized χc1 and χc2
cross section vary appreciably with the scale choice, the
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χc2 to χc1 ratio is also independent of scales.
While the scale variations affect the polarized and un-
polarized cross sections the same way, making λϑ scale in-
dependent, the Jz components of the polarized cross sec-
tion depend differently on quark mass. When pT ≤MQ,
the longitudinally polarized partonic cross section de-
creases faster with increasing mc than the transversely
polarized partonic cross section in the helicity frame.
Thus increasing the charm mass results in more trans-
verse polarization. When pT > MQ, the longitudinally
polarized partonic cross section decreases more slowly
with increasing mc than the transversely polarized par-
tonic cross section. Thus, here increasing the charm mass
results in more longitudinal polarization. As pT  sˆ, λϑ
becomes insensitive to mc. Thus the uncertainty in λθ is
narrower.
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FIG. 21. The pT dependence of the polarization parameter
λϑ for prompt J/ψ production at
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s = 1.96 TeV in the ICEM
with mass uncertainty when the sˆ-channel contribution is ex-
cluded. The CDF data are also shown [45].
F. Sensitivity to feed-down ratios
We have tested the sensitivity of our results to the feed-
down ratios used in our calculations [31]. Since prompt
J/ψ production is dominated by direct J/ψ, we vary the
feed-down ratio by changing the relative contribution of
direct J/ψ and decays from excited states. Thus when
the direct fraction, cJ/ψ, increases, all other cψ decrease
and vice versa. Using the base values of cψ in Table I and
the reported uncertainty, we vary the feed-down ratios as
given in Table II. Since the polarization of prompt J/ψ
production does not vary at central rapidity, we study
changes in the polarization by varying the feed-down ra-
tios at y = 0. The pT -integrated polarization parameter
for prompt J/ψ production at
√
s = 7 TeV at y = 0
varies by 0.04 from 0.26 in the helicity frame. This vari-
ation is similar to that due to the charm quark mass and
renormalization scale variations combined.
G. Sensitivity to diagram weights
We have tested the sensitivity of our results to diagram
weights. As shown in Ref. [26], the sˆ-channel diagram
dominates color-octet production at high pT . Turning off
the contribution from this diagram by setting Agg,sˆ = 0
in Eq. (31) makes a significant difference in polarization
as well as the uncertainty band in the high pT limit. At
5 GeV, turning off the contribution from the sˆ-channel di-
agram reduces the cross section by 70%. The difference
is larger at higher pT . Thus the polarization is more
sensitive to charm mass and gives a wider uncertainty
band. The polarization parameter at
√
s = 1.96 TeV
in the rapidity region |y| < 0.6 in the helicity frame
in this case is shown in Fig. 21. The polarization at
low pT is more transverse compared to Fig. 13. Instead
of becoming slightly transverse at high pT , prompt J/ψ
production will remain approximately unpolarized with
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λϑ = +0.14
+0.04
−0.14 in the helicity frame when the sˆ-channel
amplitude is completely turned off.
V. CONCLUSIONS
We have presented the transverse momentum and ra-
pidity dependence of the charmonium cross section as
well as the the polarization of prompt J/ψ production
in p+ p and p+A collisions in the improved color evapo-
ration model in the kT -factorization approach. We com-
pare the pT dependence to data at both fixed-target ener-
gies and collider energies. We also present χc predictions
as a function of pT at
√
s = 13 TeV. We find prompt
J/ψ production to be unpolarized at moderate pT and
slightly transverse in the high pT limit in the helicity
frame. We do not observe any rapidity dependence in the
polarization in the ranges considered. We report the pT -
integrated polarization parameter for prompt J/ψ pro-
duction at
√
s = 7 TeV to be λϑ = 0.26 ± 0.02 at y = 0
in the helicity frame. We will study the pT dependence
of bottomonium states in this approach in a future pub-
lication.
Since our calculation of the matrix elements is leading
order in αs, the high pT cross section varies strongly with
the choice of factorization scale due to the limitations on
the uPDFs as x increases. We expect improvements at
high pT when we calculate the cross section to O(α3s) in
a future publication.
VI. ACKNOWLEDGMENTS
We thank B. Kniehl for the initiation of and encourage-
ment throughout this project. This work was performed
under the auspices of the U.S. Department of Energy
by Lawrence Livermore National Laboratory under Con-
tract No. DE-AC52-07NA27344 and supported by the
U.S. Department of Energy, Office of Science, Office of
Nuclear Physics (Nuclear Theory) under Contract No.
DE-SC-0004014.
[1] W. E. Caswell and G. P. Lepage, Phys. Lett. B 167, 437
(1986).
[2] N. Brambilla et al., Eur. Phys. J. C 74, no. 10, 2981
(2014).
[3] G. T. Bodwin, E. Braaten and G. P. Lepage, Phys. Rev.
D 51, 1125 (1995); Phys. Rev. D 55, 5853 (1997).
[4] G. T. Bodwin, H. S. Chung, U. R. Kim and J. Lee, Phys.
Rev. Lett. 113, 022001 (2014).
[5] P. Faccioli, V. Knu¨nz, C. Lourenc¸o, J. Seixas and
H. K. Wo¨hri, Phys. Lett. B 736, 98 (2014).
[6] Y. Q. Ma, K. Wang and K. T. Chao, Phys. Rev. Lett.
106, 042002 (2011).
[7] M. Butenscho¨n and B. A. Kniehl, Phys. Rev. Lett. 106,
022003 (2011).
[8] B. Gong, L. P. Wan, J. X. Wang and H. F. Zhang, Phys.
Rev. Lett. 110, 042002 (2013).
[9] Y. J. Zhang, Y. Q. Ma, K. Wang and K. T. Chao, Phys.
Rev. D 81, 034015 (2010).
[10] M. Neubert, Phys. Rep. 245, 259 (1994).
[11] F. De Fazio, in At the Frontier of Particle
Physics/Handbok of QCD, edited by M. A. Shif-
man (World Scientific, Singapore, 2001) p. 1671,
arXiv:hep-ph/0010007.
[12] R. Casalbuoni, A. Deandrea, N. Di Bartolomeo, R.
Gatto, F. Feruglio, and G. Nardulli, Phys. Rep. 281,
145 (1997).
[13] M. Butenscho¨n, Z. G. He and B. A. Kniehl, Phys. Rev.
Lett. 114, 092004 (2015).
[14] R. Aaij et al. [LHCb Collaboration], JHEP 1511, 103
(2015).
[15] R. M. Godbole, A. Misra, A. Mukherjee and V. S. Ra-
woot, Phys. Rev. D 85, 094013 (2012).
[16] R. M. Godbole, A. Kaushik, A. Misra and V. S. Rawoot,
Phys. Rev. D 91, 014005 (2015).
[17] V. D. Barger, W. Y. Keung and R. J. Phillips, Phys.
Lett. B 91, 253 (1980).
[18] V. D. Barger, W. Y. Keung and R. J. Phillips, Z. Phys.
C 6, 169 (1980).
[19] R. Gavai, D. Kharzeev, H. Satz, G. A. Schuler, K. Sridhar
and R. Vogt, Int. J. Mod. Phys. A 10,3043 (1995).
[20] Y. Q. Ma and R. Vogt, Phys. Rev. D 94, 114029 (2016).
[21] R. E. Nelson, R. Vogt and A. D. Frawley, Phys. Rev. C
87, 014908 (2013).
[22] V. Cheung and R. Vogt, Phys. Rev. D 95, no. 7, 074021
(2017).
[23] V. Cheung and R. Vogt, Phys. Rev. D 96, no. 5, 054014
(2017).
[24] E. A. Kuraev, L. N. Lipatov, and V. S. Fadin, Zh. Eksp.
Teor. Fiz. 71, 840 (1976) [Sov. Phys. JETP 44, 443
(1976)]; I. I. Balitsky and L. N. Lipatov, Yad. Fiz. 28,
1597 (1978) [Sov. J. Nucl. Phys. 28, 822 (1978)].
[25] J. C. Collins and R. K. Ellis, Nucl. Phys. B 360, 3 (1991).
[26] B. A. Kniehl, D. V. Vasin and V. A. Saleev, Phys. Rev.
D 73, 074022 (2006).
[27] K. Gottfried and J. D. Jackson, Nuovo Cim. 33, 309
(1964).
[28] J. C. Collins and D. E. Soper, Phys. Rev. D 16, 2219
(1977).
[29] P. Cvitanovic, Phys. Rev. D 14, 1536 (1976).
[30] F. Hautmann and H. Jung, Nucl. Phys. B 883, 1 (2014).
[31] S. Digal, P. Petreczky and H. Satz, Phys. Rev. D 64,
094015 (2001).
[32] P. Faccioli, C. Lourenc¸o, J. Seixas and H. K. Wo¨hri, Eur.
Phys. J. C 69, 657 (2010).
[33] R. Vogt, Z. Phys. C 71, 475 (1996).
[34] R. Aaij et al. (LHCb Collaboration), Eur. Phys. J. C 71,
1645 (2011).
[35] D. Acosta et al. (CDF Collaboration), Phys. Rev. D 71,
032001 (2005).
[36] A. Andronic et al., Eur. Phys. J. C 76, no. 3, 107 (2016).
[37] T. Aaltonen et al. (CDF Collaboration), Phys. Rev. D
80, 031103 (2009).
19
[38] K. Aamodt et al. (ALICE Collaboration), Phys. Lett.
B 704, 442 (2011) Erratum: [Phys. Lett. B 718, 692
(2012)].
[39] B. B. Abelev et al. (ALICE Collaboration), Eur. Phys.
J. C 74, no. 8, 2974 (2014).
[40] A. Cisek and A. Szczurek, Phys. Rev. D 97, no. 3, 034035
(2018).
[41] G. Aad et al. (ATLAS Collaboration), JHEP 1407, 154
(2014).
[42] K. J. Eskola, H. Paukkunen and C. A. Salgado, Nucl.
Phys. A855, 150 (2011).
[43] I. Abt et al. (HERA-B Collaboration), Eur. Phys. J. C
60, 517 (2009).
[44] R. R. Ma (STAR Collaboration), in private communica-
tion.
[45] A. Abulencia et al. (CDF Collaboration), Phys. Rev.
Lett. 99, 132001 (2007).
[46] E. Braaten, B. A. Kniehl and J. Lee, Phys. Rev. D 62,
094005 (2000).
[47] S. Chatrchyan et al. (CMS Collaboration), Phys. Lett. B
727, 381 (2013).
[48] B. Abelev et al. (ALICE Collaboration), Phys. Rev. Lett.
108, 082001 (2012).
[49] R. Aaij et al. (LHCb Collaboration), Eur. Phys. J. C 73,
no. 11, 2631 (2013).
